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Controllability and Observability of Flexible Structures
with Proof-Mass Actuators
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Relationships between Hankel singular values of a structure with a proof-mass actuator to those of a structure
with an ideal actuator are obtained for small damping and distinct natural frequencies. They indicate that if the
natural frequency of the proof-mass actuator is much lower than the structural frequencies, the proof-mass
actuator has little influence on Hankel singular values of a structure. This fact significantly simplifies control-
lability/observability analysis and model reduction of flexible structures under certain conditions. Results from
numerical simulations verify the conclusions.

Introduction

M ODEL order determination is an important step in
structural dynamic analysis, identification procedures,

and control design. A structural dynamic model obtained ei-
ther from analysis (e.g., finite element) or from experiments
typically needs to be reduced. Tools for model reduction1"6 and
order determination7'8 of flexible structures have been devel-
oped using Hankel singular values (HSV) as a measure of a
system's joint controllability and observability properties.1 Al-
though proof-mass actuators (PMAs) are widely used in struc-
tural dynamics testing, in most investigations actuator dynam-
ics are not included in the model. An actuator and sensor in a
cascade connection with a structure are analyzed in Refs. 6 and
9. Recognizing the importance of PMA dynamics in the con-
trol design problem, Zimmerman and Inman10 and Zimmer-
man et al.11 have investigated the interaction between struc-
tures and the PMAs and conclusively show that actuators must
be tailored to fit a particular structure if improved perfor-
mance is to be achieved.

In this paper the relationship between the HSV of a structure
with PMA and the HSV of the structure alone (i.e., with an
ideal actuator) is investigated. Using the new relationships
derived herein, the influence of PMAs on model reduction is
analyzed and demonstrated via simulations.

Two types of PMAs are considered. Both consist of mass m
attached to a structure at node na. The first type, A PMA, is
a reaction-type force actuator.10'12 It generates a force by react-
ing against the proof mass m. An external force command/is
applied equally and opposite onto the structure at node na and
the proof mass (Fig. la). The remaining parameters d and k
represent the inherent damping in the PMA system and the
stiffness force to keep the proof mass centered. The reader is
referred to Ref. 10 for a more detailed description of a type A
actuator. The second type, B PMA, is a centrifugal actuator,
where force is proportional to the square of the excitation
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frequency. The force acts on mass m exclusively (Fig. Ib). In
this study, the practical limitation of PMA stroke length is not
addressed. A recent study that uses a nonlinear control scheme
to circumvent this limitation can be found in Ref. 13.

Structure with Type A Proof-Mass Actuator
Let us consider a structure without an actuator, shown in

Fig. Ic. Its dynamics may be written as

Msqs + Dsqs + Ksqs = Bsf\ y = csqs (1)
where/is the force acting on the structure; q is its displacement
vector (n x 1); y is its output vector (p x 1); Ms, Ds, and Ks are
the mass, damping, and stiffness matrices of the structure,
respectively; Bs is the matrix of actuator location,

0 1 0 (2)

with a nonzero term at location na; and Cs is a matrix of sensor
location. If we denote G5(o?) = - u>2Ms +juDs +KS9j =V— 1,

Fig. 1 Structure and actuator configuration.
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then the structure transfer function (the dynamic elasticity of
the structure) is

Hs = CSG~1BS (3)

The dynamic stiffness of a structure at the actuator location is
defined as

(4)

The dynamic stiffness is the inverse of the frequency response
function, i.e., displacement to force relationship, at the actua-
tor location. At zero frequency, it reduces to the stiffness
constant at the actuator location. For a structure with a type
A PMA, denote qa, m, k, and d as the displacement, mass,
stiffness, and damping of the actuator, respectively, and de-
fine the displacement vector qj' - [qj qa]. The equation of
combined structure and actuator is

Mcqc + Dcqc + Kcqc = BJ\

where

y = Ccqc

-1]

0]

and

; + kBsBs
T -kBs

-kBj k _

-dBs

d

(5)

(6)

(7)

(8)

Denote Gc(co)= -u2Mc+juDc+Kc\ then the transfer func-
tion of the structure with a type A PMA is

Proposition 1: The relationship between the transfer func-
tion of the structure with a type A PMA and the transfer
function of the structure alone is as follows:

Hc =

any damping

small damping

(10)

(11)

where p = «0/w, co0 = V/r/m ,
and f=cf/2wo)0.

Proof: Denote

H0 = (Gs

then

= K/ks , j3 = k/ks , K = k +j ad ,

g = -

A = £ -
(12)

g

-KBS
-KB

(13)

where DS=DS+ dBsB? , and Ks = Ks + kBsB* . By applying the
partitioned inverse formula14 to the previous equation, it can
be shown that

- k~H0Bs
(\A\( }

Next, from Eqs. (10) and (14) one obtains

HC = cs [(H0+PA~ IHOBSB?HQ)BS - A-

and from Eq. (12)

tcGs"1BsBj'

Thus,

H0=\I-

(15)

(16)

(17)

D

(18)

are satisfied, one obtains ac = 1. In this case the transfer func-
tion of the system with a PMA is approximately equal to the
transfer function of the system without a PMA.

For a PMA with a soft centering spring with low friction,
the conditions given by Eq. (18) are approximately satisfied.

Proposition 2: For small damping and distinct natural fre-
quencies, the Hankel singular values of a structure alone, ysi,
and of a structure with a type A PMA, yci, are related as
follows:

Combining Eqs. (9), (14), and (17) gives Eq. (10).
Corollary 1: For the case where

where

ac(«;) =!/(!+ft-p?)

Pi = p(w/) = a>o/w/

fr = j8(«/) = k/ksi

(19)

(20)

(21)

(22)

(23)

The variable ksi is the /th modal stiffness of the structure.
Proof: For small damping and distinct natural frequen-

cies, the HSV of a flexible structure are5'6

(24)

where ||>4|| =tr(^4^4*) is a spectral norm of A, A* is a com-
plex conjugate transpose of A, and w/ is the /th natural fre-
quency of the structure. Introducing Eqs. (10-24), one obtains
Eq. (19). D

In addition to the conditions stated in Proposition 2, con-
sider the following conditions:

and k < min ksi (25)

where coi is the fundamental (lowest) frequency of the struc-
ture. The conditions say that the actuator natural frequency
should be much smaller than the fundamental frequency of
the structure, and the actuator stiffness should be much
smaller than the dynamic stiffness of the structure at any fre-
quency of interest. Drawing from single degree-of-freedom
(SDOF) modal analysis curve-fitting theory (see for example,
Ref. 15), if a given structural mode is far from another struc-
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Fig. 2 Truss structure.

tural mode, then one can assume the model to be an SDOF
oscillator in that frequency range. In addition, for widely
spaced modes, the "tail" of the frequency response of that
mode on all other modes can be ignored (essentially, the tail
goes to zero as frequency is increased). Thus, if the PMA mode
is far from any structural mode, the structure will exhibit
uncoupled (to the PMA) frequency response at the higher
structural frequencies.

If the aforementioned conditions are satisfied, one obtains
oLci = 1 for / = 1,...,«; thus the HSV of the structure with a
PMA are equal to the HSV singular values of the structure
without a PMA. The controllability and observability proper-
ties of the system are preserved so that the presence of the
PMA does not influence the controllability and observability
of the structure. In particular, the presence of the PMA will
not affect the model order reduction. Note also that, for many
cases, whenever the first condition of Eq. (25) is satisfied, the
second condition is satisfied too.

Example 1: A truss structure from Fig. 2 is investigated
for /! = 70 in. and /2= 100 in. Each truss has a cross-sectional
area of 2 in.2, elastic modulus of 106 lb/in.2, and mass density
of 2 Ib-s2/in.2 A vertical force is applied at node nat and the
output is measured at node n0 in the vertical direction. The
magnitude of the transfer function of this structure is pre-
sented in Fig. 3 (solid line). The PMA is applied at node na,
with mass m = 200 Ib-s2/in. and stiffness k =0.6 lb/in.; hence
its natural frequency is co0 = 0.0548 rad/s. The actuator ampli-
fication factor ac is plotted in Fig. 4. The figure indicates that
for oj>coo the amplification is equal to 1. The plot of the
magnitude of the transfer function for the structure with the
PMA is shown in Fig. 3 as a dashed line. The figure shows
perfect overlapping of the transfer functions for U>UQ. HSV
of the structure without and with a PMA are plotted in Fig. 5
(solid and dashed line, respectively). Observe that the HSV are
the same in both cases, except for the first one, which is related
to the PMA itself.

Structure with Type B Proof-Mass Actuator
This configuration is shown in Fig. Ib. The force acting on

mass m is proportional to squared frequency

f = Ku2u (26)

where AC is a constant, and u is the input to the type B PMA.
Propositions: The relationship between transfer func-

tions of a structure with and without type B PMA is as follows:

Hc = acHs

1+/5-P2

any damping

small damping

(27)

(28)

Proof: For the displacement vector q* = [qj qa]\ the ma-
trices Mc, Dc, Kc, and Cc as in Eqs. (6) and (8); and B*
= [0 Kw2]; one obtains G~l as in Eq. (14) and consequently
Eq. (27). D

Corollary 2: For the conditions in Eq. (25), one obtains
the constant ac,

ctc = M*O (29)

The previous result shows that the structural transfer func-
tion with a type B PMA is proportional to the structural trans-
fer function without a PMA.

Proposition 4: For small damping and distinct natural fre-
quencies, the HSV of a structure alone, ysi, and a structure
with a type B PMA, yci, are related as in Eq. (19), with

1+0/-P? (30)

With the additional conditions in Eq. (25), one obtains aci
- Kco2) for i = 1,..., n; thus the HSV of the structure with a type
B PMA are proportional to the HSV of the structure without
a PMA. This scaling does not influence the results of reduction
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Fig. 3 Transfer function of the truss structure without PMA (solid
line) and with PMA (dashed line).
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Fig. 4 Actuator amplification factor vs frequency for type A PMA.
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Fig. 5 Hankel singular values of the truss structure without PMA
(solid line) and with PMA (dashed line).
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Fig. 6 Actuator amplification factor vs frequency for type B PMA.

or model order determination procedures since the procedures
are based on HSV ratios rather than their absolute values.

In applications where measurement noise is unavoidable,
care should be taken in the selection of the scaling factor.
For instance, if the scaling factor is too small, this may pro-
duce small HSV that cannot be detected, and the reduction or
order determination procedure could then be biased.

Example 2: The system described in Example 1 is investi-
gated. Amplification factor ac as defined in Eq. (30) is plotted
in Fig. 6. It is constant and equal to O>Q = 0.003 for co>co0.
Thus, to obtain the transfer function of the structure, the
transfer function of the structure with a PMA is divided by OJQ.
Plots of magnitudes of the transfer functions of the structure
(solid line) and the structure with a PMA divided by COQ (dashed
line) are exactly the same as in Fig. 3. Both plots overlap for
a>>a>0. Similarly, plots of HSV of the structure and HSV of
the structure divided by WQ are the same as in Fig. 5 and overlap
for

Conclusions
A simple expression has been derived that relates the trans-

fer function of the structure with an attached PMA and the
structure only. For small damping and distinct natural fre-
quencies, relationships between the HSV for the aforemen-
tioned configurations are obtained. Furthermore, it has been
shown that under mild conditions on the type A PMA (where
the natural frequency of the PMA is much smaller than the
structure's fundamental frequency), the HSV remain un-
changed. Thus, any model reduction procedure based on HSV
will be unaffected by the presence of a type A PMA. For a
structure with a type B PMA, the HSV are scaled by a con-
stant. The scaling does not influence the model order reduction
procedures either since the procedure is based on ratios of
HSV rather than their absolute values. However, when scaling

produces very small singular values, care should be taken to
avoid numerical difficulties.
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